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The information-theoretic definition of quantum correlation, e.g., quantum discord, is measurement depen-
dent. By considering the more general quantum measurements, weak measurements, which include the projec-
tive measurement as a limiting case, we show that while weak measurements can enable one to capture more
quantumness of correlation in a state, it can also induce other counterintuitive quantum effects. Specifically,
we show that the general measurements with different strengths can impose different orderings for quantum
correlations of some states. It can also modify the monogamous character for certain classes of states as well
which may diminish the usefulness of quantum correlation as a resource in some protocols. In this sense, we
say that the weak measurements play a dual role in defining quantum correlation.
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I. INTRODUCTION
Quantum correlation plays a crucial role in many quantum
computation and information processing tasks [1]. Quantum
discord (QD) [2–5], which goes beyond the traditional mea-
sure of quantum correlation, i.e., quantum entanglement, is
proposed to be responsible for the power of a mixed state
quantum algorithm with vanishing or negligible entanglement
[6]. It has potential applications in detecting critical points
of quantum phase transitions even at finite temperatures [7–
9]. QD is also found to be the necessary resource for remote
state preparation [10], quantum state discrimination [11, 12],
and quantum locking [13, 14]. A connection between QD
consumption and the quantum advantage for encoding infor-
mation has been identified as well [15]. These findings have
prompted a huge surge of interest in understanding QD from
different perspectives, such as its operational interpretation
via quantum state merging [16, 17] and teleportation fidelity
[18], the generation of QD via local operations [19–23], the
discording power of nonlocal unitary gates [24], and other re-
lated issues of QD [25–29]; see a recent review paper [30] for
more results.
Due to the fundamental significance and potential applica-
tions, various measures of QD [2–5], as well as other related
measures of quantum correlations [31–36], have been intro-
duced. The general positive operator valued measurements
(POVMs) are proposed in the original definitions of these
measures. On the other hand, in view of the generally neg-
ligible improvement by doing minimization over full POVMs
[37, 38], measures of quantum correlation are usually evalu-
ated by restricting to only projective measurements. The pro-
cess of projective measurements are performed by construct-
ing a set of orthogonal projectors in the Hilbert space of a
Hermitian operatorA, and the possible outcomes of the mea-
surements are given by the spectra of A. This process usu-
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ally induces strong perturbations to the measured system, and
possibly constrains one’s ability to extract as much quantum
correlations as possible.
Weak measurement can provides new insights into the
study of some fundamental problems of quantum mechanics
and has already been realized experimentally [39–41]. Also it
can be used for signal amplification practically and for state
tomography [42]. Particularly, these measurement processes
are universal in that any generalized measurements can be de-
composed into a sequence of weak measurements [43]. Since
its fundamental role in quantum theory and practical appli-
cations, it is natural to consider the quantumness of correla-
tions by weak measurement. The weak measurement which
can be implemented by coupling the system to the measure-
ment apparatus weakly and generally have small influence on
a quantum state due to the partial collapsing of the measured
wavefunction [43–47]. This differs it from projective mea-
surement performed in standard QD. The quantum correlation
based on weak measurements is proposed as super quantum
discord [48]. This new quantifier has been shown to play a
potential role in the protocol of optimal assisted state discrim-
ination where entanglement is totally not necessary [49], and
it has also stimulated other related definition of quantum cor-
relations [50].
The super discord is always larger than the normal discord
defined by the strong (projective) measurements [48], and this
may be regarded as a figure of merit by using the weak mea-
surements in characterizing quantumness of correlations in a
state. But just as every coin has two sides, here we will show
that the use of weak measurements in defining quantum cor-
relations can also induce other counterintuitive effects. As ex-
plicit examples, we will show that the super discord captured
by the weak measurements with different strengths can im-
pose different orderings of quantum states. This phenomenon
is very different from those of the states ordering obtained in
the literature [51–55], which are easy to understand as they are
induced by different correlation measures, e.g., the entropic
measure of discord [2] and the geometric measure of discord
[4]. Moreover, we will also show that the super discord can
2change the monogamy nature for certain classes of states [56–
63]. Detailed examples show that this change presents in a
wide class of quantum states, and therefore may result in fail-
ure of certain quantum tasks, such as the protocol that distin-
guishes the generalized Greenberger-Horne-Zeilinger (GHZ)
states from the generalized W states by using the monogamy
conditions of QD [57].
II. DEFINITION OF SUPER DISCORD
In this section, we will introduce the concept of super dis-
cord [48]. Its definition is somewhat similar as that of the
normal discord introduced by Ollivier and Zurek [2]. The
only difference is that the original projective operators are re-
placed by the weak measurement operators of the following
form [43]
P+(x) =
√
1− tanhx
2
Π0 +
√
1 + tanhx
2
Π1,
P−(x) =
√
1 + tanhx
2
Π0 +
√
1− tanhx
2
Π1, (1)
where the strength of the measurement process is parameter-
ized by a parameter x ∈ R. Π0 and Π1 are the orthogonal pro-
jectors summing to the identity, and therefore P2+ + P2− = I .
Along this line of measurement formalism, one can then ob-
tain the nonselective postmeasurement state as
ρA|PB
±
=
TrB [(I ⊗ PB± )ρAB(I ⊗ PB± )]
p±
, (2)
after the weak measurements being performed on partyB, and
p± = Tr[(I ⊗ PB± )ρAB(I ⊗ PB± )] is the probability distribu-
tion for the measurement outcomes. Then the super discord is
defined as
D←w (ρAB) = min
{ΠB
k
}
Sw(A|{PB±})− S(A|B), (3)
where the minimization is taken over the complete set of the
projection-valued measurements {ΠBk }. The conditional von
Neumann entropy for the premeasurement state ρAB is de-
noted by S(A|B) = S(ρAB) − S(ρB), while the averaged
conditional von Neumann entropy for the postmeasurement
state is denoted by
Sw(A|{PB±}) = p+S(ρA|PB
+
) + p−S(ρA|PB
−
), (4)
with ρB(A) = TrA(B)ρAB being the reduced density operator
of ρAB , and S(ρ) = −Tr(ρ log2 ρ) represents the von Neu-
mann entropy [64].
III. STATES ORDERING WITH SUPER DISCORD
Given two quantum correlation measures, Q and R, they
are said to give the unique states ordering if and only if the
following condition
Q(ρ1) > Q(ρ2)⇐⇒R(ρ1) > R(ρ2) (5)
is satisfied for arbitrary ρ1 and ρ2.
For the entanglement measures of the concurrence [65] and
the negativity [66], or quantum correlation measures of the
entropic discord [2] and the geometric discord [4], it is a well
accepted fact that the condition presented in Eq. (5) can be
violated by certain two-qubit mixed states, see, for example,
Refs. [51–54]. For higher dimensional system, entanglement
quantified by Re´nyi entropies may also violate this condition
[55]. But these violations are conceptually easy to understand
as they are induced by the correlation measures defined from
different perspectives. Here, as an unexpected result, we will
show that even under the framework of weak measurements
with different strengths [43], the resulting super discords sim-
ilarly do not necessarily imply the same orderings of quantum
states.
In the following, we illustrate the above argument through
an explicit example. We consider a family of two-qubit states
with maximally mixed marginals
ρAB =
1
4
(I ⊗ I +
3∑
i=1
ciσi ⊗ σi), (6)
where I denotes the 2× 2 identity operator, and σ1,2,3 are the
usual Pauli operators. Physical ρAB are those with (c1, c2, c3)
being confined to the tetrahedron with vertices (−1,−1,−1),
(−1, 1, 1), (1,−1, 1), and (1, 1,−1) [67]. These states are
usually termed as the Bell-diagonal states as they can be de-
composed into linear combinations of the four Bell states. The
super discord for ρAB is calculated as [50]
D←w (ρAB) =
1− c1 − c2 − c3
4
log2(1− c1 − c2 − c3)
+
1− c1 + c2 + c3
4
log2(1− c1 + c2 + c3)
+
1 + c1 − c2 + c3
4
log2(1 + c1 − c2 + c3)
+
1 + c1 + c2 − c3
4
log2(1 + c1 + c2 − c3)
−1− c tanhx
2
log2(1− c tanhx)
−1 + c tanhx
2
log2(1 + c tanhx), (7)
where c = max{|c1|, |c2|, |c3|}.
In Fig. 1, we present an exemplified plot of the super dis-
cord as functions of c3 for the Bell-diagonal states of Eq. (6)
with c1 = 0.5 and c2 = −0.5. The four curves from top
to bottom are obtained by choosing the controlling parame-
ters as x = 1.5, 2.0, 2.5, and ∞ (corresponds to the normal
discord), respectively, from which one can observe that there
are states having different orderings induced by the super dis-
cord with the weak measurements of different strengths. This
counterintuitive phenomenon can be further confirmed by the
cyan (gray) shaded region shown in the inset of Fig. 1, which
stands for the valid (c1, c2) for which ρAB of Eq. (6) with
different c3 can have different states ordering. It provides an
intriguing perspective of the super discord in that it implies
the quantum correlation in a state is not only measurement-
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FIG. 1: (Color online) Super discord versus c3 for the Bell-diagonal
states of Eq. (6) with c1 = 0.5 and c2 = −0.5. The green, blue, red,
and black lines (from top to bottom) are plotted with x = 1.5, 2.0,
2.5, and ∞ (i.e., the normal discord), respectively. The cyan (gray)
shaded region in the inset represents valid (c1, c2) for which the Bell-
diagonal states obtained by varying c3 have different orderings in-
duced by the super discord with different measurement strengths.
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FIG. 2: (Color online) Normal discord [blue (gray) solid line], clas-
sical correlation (red dashed line), as well as the super discord (black
solid line) and super classical correlation (green dash-dot line) ob-
tained with x = 1.0 versus γt under phase damping channel for the
initial Bell-diagonal state of Eq. (6) with c1(0) = 1, c2(0) = −0.6,
and c3(0) = 0.6. CD and QD denote, respectively, the dynamical
regimes of classical decoherence and quantum decoherence with re-
spect to the projective measurement.
method-dependent [68, 69] but is also strongly dependent on
the internal structures of the related measurements.
The lack of the unique states ordering may results in com-
pletely different dynamical behaviors of quantum correlations
with respect to super discord. As an example, we consider
the case of two qubits being prepared initially in the Bell-
diagonal state of Eq. (6), and subject to the same phase damp-
ing channels [64], the process of which preserves the Bell-
diagonal form of ρAB , with however the time dependence of
the three parameters being given by c1(t) = c1(0) exp(−2γt),
c2(t) = c2(0) exp(−2γt), and c3(t) = c3(0), where γ is the
phase damping rate.
For this kind of local dissipative channel, it has been found
that there are sudden transition from dynamical regimes of the
classical decoherence (CD) to the quantum decoherence (QD)
when considering the normal discord defined via the projec-
tive measurements [70], see, for example, the blue (gray) solid
and red dashed lines shown in Fig. 2. When considering quan-
tum and classical correlations based on the paradigm of weak
measurements, however, the original two distinct regimes dis-
appear. As can be seen from the black solid line shown in Fig.
2, the super discord decays with increasing γt even in the CD
regime, which is in sharp contrast to that of the normal discord
who is constant in time during the same regime.
Inspired by the connection between the normal discord and
classical correlation [2], we further define the super classical
correlation as
C←w (ρAB) = I(ρAB)−D←w (ρAB), (8)
with I(ρAB) = S(ρA)+S(ρB)−S(ρAB) being the quantum
mutual information [64]. Then with the same parameters as
those for the super discord in Fig. 2, we presented dynamics
of C←w (ρAB) as the green dash-dot line in the same figure,
from which one can note that it displays qualitatively similar
behaviors as that for the normal classical correlation, i.e., it
decays with time in the CD regime, and remains constant in
the QD regime. We thus see that although the weak measure-
ments can change the dynamical behaviors of super discord in
the CD regime, it has no influence on the qualitative behav-
iors of the classical correlation. In fact, the unique ordering of
states with the super classical correlations is universal for the
class of Bell-diagonal states of Eq. (6), for which we always
have
C←w (ρAB) =
1− c tanhx
2
log2(1− c tanhx)
+
1 + c tanhx
2
log2(1 + c tanhx), (9)
which can be shown to be a monotonic increasing function
of c for arbitrary x, and therefore it always impose the same
ordering for the Bell-diagonal states. But it should be note that
the above argument does not hold for general case, as there are
ρ1 and ρ2 such that the unique ordering condition is violated.
IV. MONOGAMY OF SUPER DISCORD
We now turn to discuss the role weak measurements played
in exploring monogamous character of quantum correlations.
Due to the asymmetry of the super discord [48], there are two
possible lines of research on this problem, which can be il-
lustrated explicitly through the following two monogamy in-
equalities [56–63]
D←w (ρA:BC) > D
←
w (ρAB) +D
←
w (ρAC),
D→w (ρA:BC) > D
→
w (ρAB) +D
→
w (ρAC), (10)
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FIG. 3: (Color online) Dependence of the discord monogamy score
∆D→w on θ/π for |Ψ〉GHZ. The black dashed and the red solid lines
are obtained with x → ∞ and x = 0.5, respectively. The inset is
plotted for better visualizing violation of the monogamy condition
during the small and large θ/π regions.
where the first one is formulated with the measurements be-
ing performed on different subsystemsB, C andBC of ρABC
[56–62], and the second one is formulated with the measure-
ments being performed on the same subsystem A [63]. For
convenience of later presentation, we further define ∆Dαw =
Dαw(ρA:BC) − Dαw(ρAB) − Dαw(ρAC) (α ∈ {←,→}) as the
related discord monogamy score [60].
As the super discord is an extension of the normal discord,
and the normal discord has been found to be monogamous for
certain classes of quantum states (e.g., the generalized GHZ-
class state) [57], it is natural to ask whether this monogamy
nature is universal for the super discord with arbitrary mea-
surement strengths, or whether the super discord still respect
monogamy for these states?
Here, we will show through some explicit examples the an-
swer to this question is indeed state-dependent, that is to say,
these states can be monogamous as well as polygamous with
respect to super discord. Our first exemplification is that of
the generalized GHZ states
|Ψ〉GHZ = cos θ|000〉+ sin θ|111〉, (11)
which is known to be monogamous with respect to the nor-
mal discord with infinite measurement strength x [57]. When
considering the super discord defined with finite x, the two
monogamy conditions in Eq. (10) are in fact equivalent due to
the exchange symmetry of |Ψ〉GHZ. In Fig. 3 we plotted the
related monogamy score ∆D→w against θ/π with the measure-
ment strengths x → ∞ (corresponds to the normal discord)
and x = 0.5, respectively. The states are monogamous when-
ever ∆D→w take positive values. This figure shows evident
transitions from observation to violation of monogamy for the
super discord. More specifically, the super discord does not
respect monogamy during the small and large regions of θ/π.
This result is interesting as it implies that the monogamy prop-
erty of discord, even for those defined under the same formal-
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FIG. 4: (Color online) Contour plots of the discord monogamy score
∆D→w against θ/π and φ/π for |Ψ〉W with x→∞ (a) and x = 0.5
(b), respectively. The regions up and below the green hollow squares
represent valid |Ψ〉W with monogamy.
ism of measurements, is not only state-dependent but is also
determined by the intrinsic properties, e.g., the measurement
strengths, of the related measurements.
As another example, we consider the generalized W-class
states
|Ψ〉W = sin θ cosφ|011〉+ sin θ sinφ|101〉+ cos θ|110〉,
(12)
for which the two monogamy inequalities in Eq. (10) are no
longer equivalent, and when evaluated via the normal discord,
the first one is always violated [57], while the second one may
be satisfied or violated [63].
When considering quantum correlations captured by the su-
per discord, our results revealed that the first monogamy con-
dition in Eq. (10) still remains violated for the weak mea-
surements of arbitrary strengths. But if we consider the sec-
ond condition, the case will be very different. As can be seen
from the contour plots shown in Fig. 4, the monogamy prop-
erty turns out to be state-dependent, and in contrast to that for
the generalized GHZ-class states, here the (θ, φ) regions for
monogamy are enlarged with finite measurement strength.
From a practical point of view, the monogamous nature of
the normal discord can be used to distinguish two stochas-
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FIG. 5: (Color online) Dependence of the discord monogamy score
∆D←w and ∆D→w on p for |ψ(p, ǫ)〉. The black and red (gray) solid
lines are plotted for the normal discord with ǫ = 1 and ǫ = 0.5, re-
spectively; while the black and red (gray) dashed lines are plotted for
the super discord with x = 1.5, and ǫ = 1 and ǫ = 0.5, respectively.
tic local operations and classical communication (SLOCC) in-
equivalent classes of tripartite states, i.e., the generalized GHZ
and W classes [57]. But when evaluated via the super discord,
the above results revealed that this application will does not
applicable, as the GHZ-class states can also be monogamous
as well as polygamous for this case (see, Fig. 3). This ex-
hibits another perspective of the weak measurements in defin-
ing quantum correlations, which is beyond our expectation.
Finally, we remark that the change to the monogamy nature
of quantum states with respect to the super discord can also
happen when the weak measurements are performed on differ-
ent subsystems. See, for example, the results displayed in Fig.
5, which is plotted for the tripartite pure states |ψ(p, ǫ)〉 =√
pǫ|000〉+
√
p(1− ǫ)|111〉+
√
(1 − p)/2(|101〉+ |110〉).
V. CONCLUSION
Weak measurements are important complementary to the
standard measurement in quantum theory. By reconsidering
the processes of weak measurements with different strengths,
we showed that while being able to capture more quantum
correlation, it can also induce other counterintuitive effects
meanwhile. As the first exemplification, we showed that the
weak measurements with different strengths can impose dif-
ferent orderings of quantum states. This effect is very dif-
ferent from those observed with different quantum correlation
measures, e.g., the entropic and the geometric measures of
the normal discord, and it may results in unexpected dynam-
ical behaviors of quantum correlations. Moreover, we have
also showed that the monogamous nature of the normal dis-
cord for certain classes of quantum states can be changed by
the weak-measurement-defined super discord, and this change
can even invalidate the feasibility of some quantum tasks, such
as the detection of two SLOCC-inequivalent classes of tripar-
tite states based on monogamy [57]. In view of these facts, we
then conclude that the weak measurements play a dual role in
defining quantum correlations.
On the other hand, since different physical systems may
naturally interact strongly or weakly with probing systems,
the full description of measurement-dependent quantum cor-
relation may be complete only when weak measurement with
adjustable strengths are considered. This may also provide
a full quantification of quantum correlation restricted exper-
imentally to some specified quantum systems. In particular,
in case the quantum correlation based on weak measurements
may enhance or diminish its usefulness in some protocols, a
complete view of super quantum discord is necessary and may
shed light on our understanding of other quantum characteris-
tics.
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